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Coherence and correlation are key features of the quantum system. Quantifying these quantities
are astounding task in the framework of resource theory of quantum information processing. In
this article, we identify an affinity-based metric to quantify closeness between two states. Using this
metric, we introduce a valid quantum coherence measure It is shown that the affinity based coherence
measure is bounded by that based on fidelity and trace distance. Further, we propose a bipartite
quantum correlation measure based on the affinity metric. The connection between the quantum
correlation of states and its local coherence is established. The measure of quantumness in terms
of difference of bipartite coherence and corresponding product state coherence is also identified.
Finally, we interpret the operational meaning of the affinity based coherence as an upper bound of
interferometric power of the quantum state.
PACS numbers: 05.45Yv, 03.75Lm, 03.75Mn
2I. INTRODUCTION
Quantum coherence and correlation are characteristic features that mark a fundamental departure from the classical
realm and notable resources for various information processing [1]. In quantum information theory, the most interesting
and important problems are quantification of resources for various quantum advantageous and classification of states
based on the availability of resources. Coherence plays a central role in emergent fields such as metrology [2, 3], biology
[4–7], thermodynamics and nanoscale physics [8, 9]. More recently, application of quantum coherence in refrigeration
is also experimentally demonstrated [10].
In fact, experimentally realizable coherence measure [11] and its properties enhance our understanding of coherence
[12]. From the seminal work of Baumgratz et. al. [13], various coherence measures proposed based on entropic
measures (relative entropy [14], Tsallis entropy [15] and Renyi entropy [16]), distance measures (trace distance [17–
19], Hellinger distance [20] and fidelity [21]) and information theoretic quantities (quantum Fisher information [22]
and skew information [11–13]) are extensively studied. Similar to coherence, quantum correlation is also a consequence
of the superposition principle and is regarded as a useful resource for various information processing tasks. Apart
from the entanglement, different measures of quantumness namely quantum discord [23], geometric discord [24],
measurement-induced nonlocality [25] have also studied in detail.
In this article, we introduce a new geometric measure of coherence in terms of affinity induced metric which is
shown to satisfy all the requirements of a good quantum coherence measure including strong monotonicity condition.
Moreover, this quantity enjoys an elegant analytic expression for pure and single qubit state. It is shown that the
affinity based coherence is a lower bound of fidelity based coherence measure and useful quantity in quantum metrology.
We present a symmetric quantum correlation based on the affinity, which can be analytically solvable for qubit-qudit
states. The trade off relation between the quantum coherence and quantum correlation is also derived explicitly. Using
the difference of coherence between bipartite state and its product state, we identify a new quantumness measure.
The operational meaning of the proposed affinity measure is interpreted in terms of interferrometric power of quantum
states.
This paper is organized as follows: In Sec. II, we briefly review the concept of quantum coherence. In Sec. III, we
introduce affinity based coherence and establish a relationship with the other coherence measures. In Sec. IV, we study
the symmetric nonclassical correlation based on the affinity distance. Sec. V presents the measure of quantumness
interms of coherence. In Sec. VI, we explore the possible application of proposed measure in the resource theory.
II. QUANTUM COHERENCE
In this section, we first review the framework concerning quantifying quantum coherence. Let {|i〉, i = 0, 1, · · · , d−1}
be a set of orthonormal basis with finite dimension d. A state is said to be an incoherent state if the corresponding
density operator δ of the state is diagonal in this basis and denoted as δ =
∑d−1
i=0 δi|i〉〈i|. We label this set of incoherent
quantum states as I:
I =
{
δ =
d−1∑
i=0
δi|i〉〈i|
}
. (1)
It is well-known that the incoherent state δ can have coherence in any other basis. All other states, which are not
belonging to the above-mentioned set in the basis, are called coherent states. In coherence theory, the completely
3positive and trace-preserving (CPTP) maps which admit an incoherent Kraus representation [1]. That is, there always
exists a set of Kraus operators {Ki} such that
Φ(δ) ≡ KiδK
†
i
Tr(KiδK
†
i )
∈ I ;
∑
i
KiK
†
i = 1 (2)
for all i and any incoherent state δ. These operations are called incoherent operations.
A functional C(ρ) is a bonafide measure of quantum coherence of a state ρ, if it fulfills the following essential
requirements [11, 13]. They are
(C1) Faithfulness : C(ρ) ≥ 0 is nonnegative and C(ρ) = 0 if and only if ρ is an incoherent state.
(C2) Monotonicity: C(ρ) does not increase under the action of an incoherent operation i.e., C(ρ) ≥ C(Φ(ρ)).
(C3) Strong Monotonicity: C(ρ) does not increase on average under selective incoherent operations, i.e., C(ρ) ≥
C(
∑
i piρi)), where pi = Tr(KiρK
†
i ) and ρi = KiρK
†
i /pi with
∑
iKiK
†
i = 1.
(C4) Convexity: Nonincreasing under mixing of quantum states i.e., C(
∑
n pnρn) ≤
∑
n pnC(ρn) for any set of pure
states ρn with
∑
n pn = 1.
It is obvious that conditions (C3) and (C4) imply condition (C2). A quantity that satisfies conditions (C1)–(C3) is
called a coherence monotone. If it satisfies condition (C4) in addition, then we call it a convex coherence monotone.
In what follows, we identify a new variant of coherence measure based on affinity.
III. AFFINITY BASED COHERENCE
Affinity, like fidelity characterizes the closeness of two quantum states. Mathematically, for any two states ρ and
σ, affinity is defined as [26, 27]
A(ρ, σ) = Tr(√ρ√σ). (3)
This definition is much similar to the, Bhattacharya coefficient between two classical probability distribution [28].
Further, it is worth mentioning that affinity possesses all the properties of fidelity, which is introduced by Jozsa [29].
Using cyclic property of trace, one can rewrite the affinity as A(ρ, σ) = Tr[(ρ1/4σ1/4)(ρ1/4σ1/4)†] and we easily see
that the affinity is non-negative. Further, this quantity is more useful in quantum information theory, in particular,
entanglement detection, quantum detection, and estimation theory. We now list the fundamental properties of the
affinity.
(A1) 0 ≤ A(ρ, σ) ≤ 1 and A(ρ, σ) = 1 if and only if ρ = σ. Moreover, A(ρ, σ) = A(σ, ρ).
(A2) Affinity is unitary invariant i.e., A(ρ, σ) = A(UρU †, UσU †) for any unitary operator U .
(A3) Affinity is multiplicative under tensor product:
A(ρ1 ⊗ ρ2, σ1 ⊗ σ2) = A(ρ1 ⊗ σ1) · A(ρ2 ⊗ σ2).
(A4) A(ρ, σ) is monotonic under CPTP map Λ i.e., A(Λ(ρ),Λ(σ)) ≥ A(ρ, σ)
4(A5) For any orthogonal projectors Πi = |i〉〈i|, A(
∑
iΠiρΠi,
∑
iΠiσΠi) =
∑
iA(ΠiρΠi,ΠiσΠi)
where ρi = KiρK
†
i /pi and σi = KiσK
†
i /qi with pi = KiρK
†
i and qi = KiσK
†
i are the respective probabilities
after the super selection.
To show the property (A4), for any CPTP map, we have to show that A(Λ(ρ),Λ(σ)) > A(ρ, σ) where Λ(σ) =∑
i V
†
i σVi with
∑
i V
†
i Vi = 1. It is well known that a complete measurement can always be represented as a unitary
operation and partial tracing on an extended Hilbert space H⊗Hn [31]. Let |j〉 be an orthonormal basis in Hn and
|α〉 be a unit vector. Then, we can define
W =
∑
j
Vj ⊗ |j〉〈α| (4)
and W †W = 1⊗ |α〉〈α|. Then there exists a global unitary operator U on H⊗Hn. Consequently,
U(ρ⊗ |α〉〈α|)U † =
∑
jj′
VjρV
†
j′ ⊗ |j〉〈j′|
and
TrHn(U(ρ⊗ |α〉〈α|)U †) =
∑
j
VjρV
†
j = Λ(ρ). (5)
Assume ρj and σj are the marginal states of ρ and σ respectively. Then A(ρj , σj) ≥ A(ρ, σ) [27], using unitary
invariant (A2), and multiplicativity (A3), one can write
A(Λ(ρ),Λ(σ)) =A(TrHn(U(ρ⊗ |α〉〈α|)U †),TrHn(U(σ ⊗ |α〉〈α|)U †)) ≥ A(ρ, σ). (6)
Next, we provide proof of property (A5). Let {Πi} be a set of orthogonal projectors satisfy the conditions
∑
iΠi = 1
and ΠiΠj = Πiδij . We have
A
(∑
i
ΠiρΠi,
∑
i
ΠiσΠi
)
= Tr
√∑
i
ΠiρΠi
√∑
j
ΠjσΠj ,
= Tr
∑
i
√
ΠiρΠi
∑
j
√
ΠjσΠj =
∑
i
Tr
√
ΠiρΠi
√
ΠiσΠi, (7)
=
∑
i
A (ΠiρΠi,ΠiσΠi) .
Though affinity itself is not a metric, due to monotonicity and concavity property of affinity [27], one can define
any monotonically decreasing function of affinity as a metric in state space. One such metric in terms of affinity is
defined as
dA(ρ, σ) = 1−A(ρ, σ). (8)
Recently, the usefulness of the metric in characterizing nonclassical correlation is demonstrated [30]. Based on the
above metric, we propose a new version of quantum coherence monotone. Defining quantum coherence in terms of
affinity as
CA(ρ) = minδ∈I dA(ρ, δ) = 1− maxδ∈I A(ρ, δ), (9)
5where the optimization is taken over all possible incoherent state from the set as given in Eq. (1). Using the properties
of affinity (A1)–(A6), affinity distance is a valid coherence measure and coherence monotone. Since ρ =∑n pn|φn〉〈φn|,
we can also write affinity-based quantum coherence via convex–roof construction as
CA(ρ) = min{pn,|φn〉}
∑
n
pnCA(|φn〉), (10)
where the minimum is taken over all the ensembles {pn, |φn〉}.
A. Bounds on Coherence
Defining coherence measure based on fidelity as [21]
CF (ρ) = 1− maxδ∈I F(ρ, δ), (11)
where F(ρ, δ) = Tr
√
ρ1/2δρ1/2 is the fidelity between the states ρ and δ. Alternatively, the fidelity can be expressed
as
F(ρ, δ) = Tr
(
U
√
ρ
√
δ
)
, (12)
where U is a unitary operator. We conclude that F(ρ, δ) ≥ A(ρ, δ), then
CF (ρ) ≤ CA(ρ). (13)
In other words, the fidelity based coherence measure is always bounded by the affinity based coherence. We emphasize
that affinity can be employed in an equivalent way with another figure of merit in discriminating between two quantum
states, namely, their trace distance. This property was found long ago by Holevo, who proved the following pair of
inequalities [26]
1−A(ρ, σ) ≤ T (ρ, σ) ≤ 1− [A(ρ, σ)]2, (14)
where T (ρ, σ) is the trace distance between the states ρ and σ. The trace metric is particularly important measure
owing to its connection with the probability of error between two quantum states and characterizing the nonclassicality.
One can define coherence measure based on the trace distance as [17–19]
CT (ρ) =
min
δ∈I‖ρ− δ‖1. (15)
Then, it is observed that the upper bound of affinity-based coherence is
CA(ρ) ≤ CT (ρ). (16)
Combining Eqs. (13) and (16), we obtain the bound for affinity of coherence
CF (ρ) ≤ CA(ρ) ≤ CT (ρ) (17)
implying that the fidelity and trace distance based coherence measures are lower and upper bounds of affinity based
coherence measures respectively.
6B. Alternative Expression
Let δ =
∑
i δi|i〉〈i| be an incoherent state. Then the affinity between the state of our interest and incoherent state
is written as
A(ρ, δ) = Tr
(√
ρ
√
δ
)
=
∑
i
√
δi〈i|√ρ|i〉.
According to Cauchy-Schwarz inequality, we have [12](
d−1∑
i=0
√
δi〈i|√ρ|i〉
M
)2
≤
(
d−1∑
i=0
√
δi〈i|√ρ|i〉2
M2
)(
d−1∑
i=0
δi
)
= 1. (18)
The above inequality saturates when √
δi =
〈i|√ρ|i〉
M
and we obtain
max
δ∈IA(ρ, δ) =M =
√√√√d−1∑
i=0
〈i|√ρ|i〉2. (19)
Then the affinity of coherence is computed as
CA(ρ) = 1−
√√√√d−1∑
i=0
〈i|√ρ|i〉2
and the closest incoherent (optimal) state is
δ = δ0 =
∑
i
〈i|√ρ|i〉2
〈i′|√ρ|i′〉2 |i〉〈i|.
For pure state
√
ρ = ρ, the affinity-based coherence is
CA(ρ) = 1−
√√√√d−1∑
i=0
〈i|ρ|i〉2. (20)
C. Coherence of single qubit state
By considering a Bloch sphere representation, quantum states ρ and δ of single qubit can be expressed as
ρ =
12 + r.σ
2
, δ =
12 + s.σ
2
, (21)
where 12 is 2 × 2 identity matrix, r and s are Bloch vectors and σ is a vector of Pauli spin matrices. The affinity
between the states, ρ and δ read as [27]
A(ρ, δ) = (1 +
√
1− |r|2)(1 +
√
1− |s|2) + r · s
(
√
1 + |r|+
√
1− |r|)(
√
1 + |s|+
√
1− |s|) , (22)
where r · s = rxsx+ rysy+ rzsz is the dot product, |r| and |s| are the magnitudes of vector r and s respectively. Since
δ is an incoherent state, then the vector s can be represented as s = (0, 0, sz). For pure state |r| = 1, the affinity can
be recast as
A(ρ, δ) = 1 +
√
1− s2z + rzsz√
2
(√
1 + sz +
√
1− sz
) . (23)
In order to get the optimal value of affinity of coherence, the maximization is taken over sz.
7IV. QUANTUM CORRELATION
It is well known fact that entanglement and coherence are interrelated via incoherent operations. In order to
establish a relation between the measures of coherence and quantum correlation, we introduce quantum correlation
measure based on affinity. The symmetrized affinity-based geometric discord is defined as
DA(ρ) = minΠab dA
(
ρ,Πab(ρ)
)
= 1− maxΠab A
(
ρ,Πab(ρ)
)
, (24)
where the maximum is taken over all possible locally invariant projective measurements on subsystems a and b. Here,
Πab(ρ) =
∑
k,k′(Π
a
k ⊗ Πbk′)ρ(Πak ⊗ Πbk′ ) is the post-measurement state with Πa = {Πak = |k〉〈k|} and Πb = {Πbk′ =
|k′〉〈k′|}, which do not change the marginal states i.e.,
ρa =
∑
k
Πakρ
aΠak and ρ
b =
∑
k′
Πbk′ρ
bΠbk′ .
The quantity DA(ρ) satisfies all necessary axioms of a bonafide measure of quantum correlation measure. Here, we
demonstrate some interesting properties of affinity-based quantum correlation measure.
(i) DA(ρ) is non-negative i.e., DA(ρ) ≥ 0.
(ii) DA(ρ) = 0 for any product state ρ = ρa ⊗ ρb and the classical state in the form ρ =
∑
k,k′ pkk′ |k〉〈k| ⊗ |k′〉〈k′|.
For any product and classical state, one can always find Πabk such that ρ = Π
ab(ρ) and A(ρ,Πab(ρ)) = 1, which
leads to zero discord.
(iii) DA(ρ) is locally unitary invariant i.e., DA
(
(U ⊗ V )ρ(U ⊗ V )†) = DA(ρ) for any local unitary operators U and
V .
Proof : Let ρ′ = (U ⊗ V )ρ(U ⊗ V )†, we have
DA (ρ′) = minΠab dA
(
ρ′,Πab(ρ′)
)
= min{Πa
k
,Πb
k′
}
∑
k,k′
dA
(
ρ, (UΠakU
†)⊗ (V Πbk′V †)ρ(UΠakU †)⊗ (VΠbk′V †)
)
= min{ΠA
k
,ΠB
k
}
∑
k,k′
dA
(
ρ, (P ak ⊗ P bk′ )ρ(P ak ⊗ P bk′)
)
=DA(ρ).
Here P ak = (UΠ
a
kU
†) and P bk′ = (VΠ
b
k′V
†) are also the eigen-projectors of the marginal states ρa and ρb
respectively.
(iv) For any arbitrary m × n dimensional pure state with m ≤ n, the affinity-based discord is DA(ρ) = 1 −
∑
i s
2
i ,
where si are Schmidt coefficients.
Proof : For an arbitrary m× n dimensional pure state with m ≤ n, the Schmidt decomposition is given as
|Ψ〉 =
∑
i
√
si|αi〉 ⊗ |βi〉,
where si is Schmidt’s coefficient, |αi〉 and |βi〉 are orthonormal bases of subsystems ρa and ρb respectively. Using
the identity Πabf(ρ)Πab = f(ΠabρΠab) [32], one can rewrite the discord as
DA(ρ) = 1− max{Πa
k
,Πb
k′
}
∑
k
Tr[
√
ρ(Πak ⊗Πbk′)
√
ρ(Πak ⊗Πbk′)]. (25)
8After a straight forward calculation the affinity between pre- and post-measurement state is
∑
i s
2
i . Then the
affinity-based geometric discord is computed as
DA(ρ) = 1−
∑
i
s2i , (26)
which is equal to the geometric measure of entanglement and other few measures. The quantity
∑
i s
2
i is bounded
by 1/m. Hence, DA(ρ) ≥ (m− 1)/m and the inequality saturates for pure maximally entangled state.
(v) For any arbitrary m× n dimensional mixed state, the affinity–based discord has a lower bound as
DA (ρ) ≥ 1−
min{m−1,n−1}∑
i=1
µi = max{DaA (ρ) , DbA (ρ)}, (27)
where D
a(b)
A (ρ) is affinity-based correlation measure while measuring on a(b).
Proof :An arbitrary state ρ of a bipartite composite system can be written as
√
ρ =
∑
i,j
γijXi ⊗ Yj , (28)
where γij = Tr(
√
ρXi ⊗ Yj) real elements of correlation matrix Γ of order m2 × n2, Xi and Yj are orthonormal
self-adjoint observable of state space of marginal states satisfying the condition Tr(XkXl) = Tr(YkYl) = δkl.
After a straight forward calculation, the affinity between the state of our interest and post–measurement state
is computed as
A(ρ,Πab(ρ)) = minA,B Tr(AΓBtBΓtAt),
where A = (aki = Tr|k〉〈k|Xi) and B = (bk′j = Tr|k′〉〈k′|Yj) and t denotes the transpose of a matrix. The
affinity-based quantum correlation measure is
DA(ρ) = 1− maxA,B Tr(AΓBtBΓtAt). (29)
Following the standard optimization procedure, we have a lower bound for DA(ρ) due to the projective mea-
surements on a as
DaA(ρ) ≥ 1−
m−1∑
i=1
µi, (30)
where µi are eigenvalues of matrix ΓΓ
t arranged in ascending order and due to the projective measurements on
b, we have the following lower bound as
DbA(ρ) ≥ 1−
n−1∑
i=1
µi. (31)
From the above inequalities, the affinity-based quantum correlation measure has a tight lower bound as
DA(ρ) ≥ 1−
min{m−1, n−1}∑
i=1
µi = max{DaA, DbA} (32)
Further, the closed formula of DA(ρ) for any 2× n dimensional system is
DA(ρ) = 1− µ1.
9(vi) The affinity based quantum correlation measure and coherence are related as
DA(Φ[ρa ⊗ ρb]) ≤ CA(Φ[ρa ⊗ ρb]). (33)
It is well known fact that incoherent operation do not increase the coherence of a state. Let Φ be an incoherent
operation on the product state ρ = ρa⊗ ρb. The affinity-based symmetric quantum correlation measure defined
in Eq. (24) is equal to the affinity of coherence relative to Luder’s measurements as a simple extension of
coherence measure relative to von Neumann projective measurements. Using monotonicity, we can write as [12]
CA(Φ[ρa ⊗ ρb]) ≤ CA(ρa ⊗ ρb) = 2
{
1−
[
1− 1
2
CA(ρa)
] [
1− 1
2
CA(ρa)
]}
(34)
and hence
DA(Φ[ρa ⊗ ρb]) ≤ CA(ρa ⊗ ρb).
The equation characterizes the transformation of the local coherence to global quantum correlation under inco-
herent operations. It is shown that the equality holds while choosing the incoherent operation as [12],
Φ =
∑
ij
|i, i⊕ j〉〈i, j|. (35)
If one of the reduced states ρa(b) is incoherent, Eq. (34) becomes
DA(Φ[ρa ⊗ ρb]) ≤ CA(ρb(a)). (36)
V. QUANTUM COHERENCE RELATIVE TO MEASUREMENTS
Consider a bipartite quantum system in the composite separable Hilbert space H = Ha ⊗ Hb with respective
Hilbert spaces of the marginal systems a and b. Let ρ be any quantum state in H shared by parties a and b and
the projective measurements Π = {Πi}, i.e., Πi are orthogonal projectors satisfying the conditions
∑
iΠi = 1 and
ΠiΠj = δijΠi. By generalizing the above-defined coherence measure relative to von Neumann measurements, one can
define measurement-based coherence as
CA(ρ|Π) = 1− A(ρ,Π(ρ)), (37)
where Π(ρ) =
∑
i(Π
a
i ⊗1)ρ(Πai ⊗1) is the post-measurement state after the projective measurement on the subsystem
a. Similarly, the Hellinger-distance based coherence measure is defined as
CH(ρ|Π) = ‖√ρ−Π(√ρ)‖22, (38)
where ‖A‖22 = Tr(AA†). Firstly, we establish a simple relation between affinity of coherence and Hellinger distance
based coherence measure.
Theorem.1: The affinity-based coherence is equal to Hellinger distance-based coherence measure i.e.,
CA(ρ|Π) = CH(ρ|Π).
To establish this relation, using the identity Πaf(ρ)Πa = f(ΠaρΠa) [32], one can rewrite the definition of affinity
based coherence measure as
CA(ρ|Π) = 1− A(ρ,Π(ρ)) = 1− Tr (√ρΠ(√ρ)) . (39)
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Then,
CH(ρ|Π) = ‖√ρ−Π(√ρ)‖2 = 1− 2Tr (√ρΠ(√ρ)) + Tr (Π(√ρ))2 .
Using the orthogonality of projectors and cyclic property of trace, we can show that
Tr (Π(
√
ρ))
2
= Tr (
√
ρΠ(
√
ρ))
and thus
CH(ρ|Π) = 1− Tr (√ρΠ(√ρ)) = CA(ρ|Π).
Next, we define a quantum correlation measure using the coherence measure based on the affinity. The difference
between global coherence and product state coherence is defined as
∆A(ρ|Π) = CA(ρ|Π)− CA(ρa ⊗ ρb|Π).
Using the tensor product identity (A⊗B)1/2 = A1/2⊗B1/2 and trace property, we can easily show that CA(ρa⊗ρb|Π) =
CA(ρa|Πa). Then, the coherence difference can be written as
∆A(ρ|Π) = CA(ρ|Π) − CA(ρa|Πa) (40)
to quantify the coherence difference between global state ρab coherence and local state ρa coherence. Here, Πa =∑
k Π
a
kρ
aΠak is the projective measurements on subsystem a. The quantity ∆A(ρ|Π) is non-negative and zero if ρ is
not perturbed by the measurement i.e., ρ = Π(ρ). Defining the correlated coherence in terms of coherence difference
is defined as
QA(ρ) = minΠ ∆A(ρ|Π), (41)
where the minimization is taken over von Neumann projective measurements. Here, we demonstrate some important
properties of the correlated coherence measure as below:
(i) For any bipartite quantum state QA(ρ) ≥ 0. The equality holds if and only if the quantum state ρ has the forms
ρ =
∑
i pi|i〉〈i| ⊗ σi.
(ii) For any entangled state, QA(ρ) is a positive quantity.
(iii) QA(ρ) is invariant under local unitary transformation i.e., QA(ρ) = QA(UρU †), where U = Ua ⊗ U b with Ua
and U b are the unitary operators on marginal Hilbert spaces of a and b respectively.
(iv) QA(ρ) is non-increasing under any channel Φb on subsystem b, i.e., QA((1a ⊗ Φb)(ρ)) ≤ QA(ρab)
Proof: (i) It is easy to show the nonnegativity of QA(ρ), and so we consider the second part of inequality. For
ρ =
∑
i pi|i〉〈i| ⊗ σi, the subsystem ρa =
∑
i pi|i〉〈i| is an incoherent state and ρ is unaffected due to von Neumann
measurements. Then CA(ρa) = CA(ρ|Π) = 0 and leads to zero correlation.
(ii) To establish property (ii), one can show that both product and separable states are not disturbed by the
measurements. Using the above property it is clear that any entangled states are disturbed due to local measurements.
The affinity between the pre- and post-measurement states are nonzero and the correlated coherence is positive i.e.,
QA(ρ) > 0.
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(iii) Let U and V are unitary operators acting on the marginal Hilbert spaces. Then
CA
(
(U ⊗ V )ρ(U ⊗ V )†|Π) =∑
k
dA
[ (
(U ⊗ V )ρ(U ⊗ V )†) ,(Πak ⊗ 1) ((U ⊗ V )ρ(U ⊗ V )†) (Πak ⊗ 1)],
=
∑
k
dA
[
ρ, (UΠakU
† ⊗ 1)ρ(UΠakU † ⊗ 1)
]
= CA(ρab|Π).
Similarly, one can show that CA
(
(U ⊗ V )ρa(U ⊗ V )†|Πa) = CA(ρa|Πa).
(iv) Let Φb be a quantum operation on subsystem b. Then the global coherence is
CA
(
(1a ⊗ Φb)(ρ|Π)) = dA ((1a ⊗ Φb)(ρ|Π)) = dA (Trc(1a ⊗ U)(ρ⊗ ρc)(1a ⊗ U)†,Trc(Πa ⊗ 1b ⊗ 1c)) .
Due to the contractivity of affinity distance, we can write
CA((1a ⊗ Φb)(ρ)|Π) ≤ dA
(
ρ⊗ ρc,Πa ⊗ 1b ⊗ 1c) = CA(ρ|Π).
Next, we choose the projectors as eigenvectors of the marginal state ρa, then the marginal states are invariant under
these measurements i.e.,
∑
k Π
a
kρ
aΠak = ρ
a. In this situation, CA(ρa|Πa) = 0 and the difference between the global
coherence and local coherence becomes
∆A(ρ|Π) = CA(ρ|Π). (42)
It is worth mentioning that this quantity also synthesizes the amount of quantum correlation contained in the quantum
state as
NA(ρ) = maxΠ ∆A(ρ|Π), (43)
where the maximum is taken over the von Neumann projective measurements. This quantity is analog of measurement-
induced nonlocality [25]. Consequently, we have the following relation between the correlation measures and coherence
value as
CminA (ρ|Π) ≥ QA(ρ), and CmaxA (ρ|Π) ≥ NA(ρ). (44)
A. Examples
To gain more intuitive understanding of the correlated coherence based on the affinity, we now evaluate explicitly
the measures of correlations for several typical states.
Bell diagonal state: First, we consider Bell diagonal state and the Bloch representation of the state can be expressed
as
ρBD =
1
4
[
1⊗ 1+
3∑
i=1
ci(σ
i ⊗ σi)
]
, (45)
where the vector ~c = (c1, c2, c3) is a three dimensional vector composed of correlation coefficients such that −1 ≤ ci =
Tr(ρBDσi ⊗ σi) ≤ 1 completely specify the quantum state. This class of states are indeed nothing but the convex
combination of Bell states given as
ρBD = λ+φ |φ+〉〈φ+|+ λ−φ |φ−〉〈φ−|+ λ+ψ |ψ+〉〈ψ+|+ λ−ψ |ψ−〉〈ψ−|, (46)
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where the non-negative eigenvalues of the density matrix ρBD read as
λ±ψ =
1
4
[1± c1 ∓ c2 + c3], λ±φ =
1
4
[1 ± c1 ± c2 + c3]
with |ψ±〉 = [|00〉 + |11〉]/√2 and |φ±〉 = [|01〉 + |10〉]/√2 are the four maximally entangled states. The reduced
state ρa(b) = Tr(a)bρ
BD = 1b(a)/2 is maximally incoherent state and CA(ρa|Πa) = 0. The coherence and correlated
coherence are computed as
CminA (ρ
BD|Π) = QA(ρBD|Π) = 1
2
−
(√
λ+φ
√
λ−φ +
√
λ+ψ
√
λ−ψ
)
.
Werner state: Next, we consider m×m− dimensional Werner state, which is defined as
ω =
m− x
m3 −m1+
mx− 1
m3 −mF, x ∈ [−1, 1], (47)
with F =
∑
kl |kl〉〈kl|. Here also we shall note that the marginal states are maximally incoherent state. After a
straight forward calculation, we obtained the measures as
CminA (ω|Π) = QA(ω|Π) =
1
2
(
m− x
m+ 1
−
√
m− 1
m+ 1
(1− x2)
)
. (48)
Isotropic state: m×m− dimensional isotropic state is defined as
ρ =
1− x
m2 − 11+
m2x
m2 − 1 |Ψ
+〉〈Ψ+|, x ∈ [0, 1], (49)
where |Ψ+〉 = 1√
m
∑
i |ii〉. The affinity-based correlated coherence measure is computed as
CminA (ρ|Π) = QA(ρ|Π) =
1
m
(√
(m− 1)x−
√
1− x
m+ 1
)2
.
Pure state: For any pure state, we have the following Schmidt decomposition as
|Ψ〉 =
n∑
i=1
√
si|i〉a|i〉b, (50)
with {|i〉a} and {|i〉b} are the orthonormal basis of the subsystems a and b respectively. We have,
CminA (ρ
ab|Π) = 1−
∑
i
s2i ≥ 1−
1
n
,
QA(ρab) =
(∑
i
√
si
)2 − 1
n
.
VI. APPLICATION
In this section, we demonstrate the operational meaning of affinity-based coherence measure. Girolami et. al. iden-
tified a quantum correlation measure using Quantum Fisher Information (QFI), which determines the interferometric
power of a quantum state. This quantity is more useful in the parameter estimation in a worst-case scenario and
characterizes the nonclassical correlation of quantum system. This interferrometric power is defined as [33]
IP (ρab) = min|k〉〈k|⊗1F (ρ
ab, H ⊗ 1) (51)
by considering an interferometric setup and minimizing the quantum Fisher information over all the possible generators
of a phase rotation on one party. Here F (.) is quantum Fisher information defined via symmetric logarithm derivatives
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and the minimum is intended over all fixed observablesH with non-degenerate spectrum {µi}. Considering the spectral
decomposition of bipartite quantum state ρab =
∑
k λk|ψk〉〈ψk| with λkl = (λk−λl)
2
(λk+λl)
, we have
IP (ρab) = minUa F
(
ρab,
∑
i
Ua|i〉〈i|Ua ⊗ 1
)
= minUa
∑
k≤l
λkl|〈ψk|
∑
i
µiU
a|i〉〈i|Ua† ⊗ 1|ψk〉|2
≤ minUa
∑
k≤l
λkl
∑
i
|µi||〈ψk|Ua|i〉〈i|Ua† ⊗ 1|ψk〉|2
= minUa
∑
i
|µi|F (ρab, Ua|i〉〈i|Ua† ⊗ 1).
Further, QFI is bounded as [34]
F (ρab, Ua|i〉〈i|Ua† ⊗ 1) ≤ 2IWY(ρab, Ua|i〉〈i|Ua† ⊗ 1),
where IWY(ρ
ab) = −Tr[
√
ρab, H ⊗ 1]2. Then the interferometric power is bounded by
IP (ρab) ≤ minUa 2
∑
i
|µi|IWY(ρab, Ua|i〉〈i|Ua† ⊗ 1).
By choosing von Neumann projective measurement {Πa} = {Ua|i〉〈i|Ua†}, it is easy to show that CA(ρ|Π) =
IWY(ρ
ab, Ua|i〉〈i|Ua† ⊗ 1). Hence, the interferometric power is bounded by
IP (ρab) ≤ CminA (ρ|Π), (52)
where the minimum is taken over all local unitary operations Ua. The affinity-based measure is thus interpreted as
upper bound of interferometric power of a quantum state.
VII. CONCLUSIONS
In this article, we have introduced a measure of coherence using affinity for quantum states. Having studied its
properties, it is shown that this measure is a bonafide measure of quantum coherence. The affinity-based coherence
measure is bounded by the coherence measures based on fidelity and trace distance. In addition, we have introduced
a measure of bipartite quantum correlation based on affinity. Moreover, the trade-off relation between quantum
coherence and the quantum correlation has also been established, showing that quantum correlation is limited by the
coherence of marginal state under incoherent operations. Further, we propose a measure of quantumness in terms
of difference in bipartite coherence and its corresponding product state coherence based on affinity. It is shown that
this measure satisfies all the axioms of measure of quantum correlation. Finally, we have identified the operational
meaning of affinity-based coherence as interferometric power of the quantum states.
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